Abstract. The present paper investigates the static behaviour of doubly-curved laminated composite shells and panels. A two dimensional Higher-order Equivalent Single Layer approach, based on the Carrera Unified Formulation (CUF), is proposed. The differential geometry is used for the geometric description of shells and panels. The numerical solution is calculated using the generalized differential quadrature method. The through-the-thickness strains and stresses are computed using a three dimensional stress recovery procedure based on the shell equilibrium equations. Sandwich panels are considered with soft cores. The numerical results are compared with the ones obtained with a finite element code. The proposed higher-order formulations can be used for solving elastic problems involved in the first stage of any scientific procedure of analysis and design of masonry structures.
Introduction
In the present paper a mechanical model based on the Carrera Unified Formulation (CUF) [1, 2] is presented. This general approach is valid for all types of structural modelling, e.g. doubly-curved, singly-curved and degenerate shells (plates, walls), and can be used both for the static and dynamic analyses of the structures at issue. A two-dimensional elastic theory will be considered. Introducing the Differential Geometry (DG) [3, 4] a generic shell mid-surface can be easily represented. The shell equilibrium equations depend also on the Lamé parameters A 1 (α 1 , α 2 ), A 2 (α 1 , α 2 ) and the radii of curvature R 1 (α 1 , α 2 ), R 2 (α 1 , α 2 ) that are defined by the position vector of the points laying on the middle shell surface. The present kinematic model is expanded for both in-plane and out-of-plane displacements, such as in [5] . Moreover, the zig-zag effect (Murakami's function) has been included. In the following, the Generalized Differential Quadrature (GDQ) method [6] [7] [8] is used to study the static behaviour of doubly-curved sandwich structures. Furthermore, a stress recovery procedure is implemented to evaluate the quantities through the shell thickness. It is worth mentioning that the stress recovery of the three dimensional displacements and of the strain and stress tensors for moderately thick structures is not fully detailed in literature. This paper exploits the CUF approach to the static analysis of deep multi-layered shells and panels within the initial curvature effect. It should be cited that the same procedure used in this paper has been successfully applied to arbitrarily shaped models [9] [10] [11] [12] [13] [14] . The main novelty of the paper is discussed in the final section where the through-the-thickness stresses are reported for curved structures and compared to the ones solved by FEM. It is worth noting that, when the linear elastic behavior is supposed, the method proposed in this paper is capable of computing the six components of the stress tensor at any point of elements belonging to plane masonry structures [15] [16] [17] [18] [19] [20] [21] [22] , laminated cylindrical shells and panels [23] [24] , as well as masonry arches, vaults and domes [25] [26] [27] [28] [29] [30] . In addition, it should be pointed out that elastic analysis is the first valuable tool for the structures in hand, especially before any repair or strengthening [31] [32] [33] [34] [35] [36] .
Theoretical approach
The geometrical description of the shell structures and the handling of the fundamental system of equations of the present paper follow the previous work by the authors [2, [37] [38] [39] . Here, the differential equations of a panel are generically described in curvilinear orthogonal coordinates
]. An arbitrary point of the shell middle surface is represented by its position vector r(α 1 , α 2 ). Thus, the position vector can be written in the global reference system as
where h(α 1 , α 2 ) is the shell thickness, n(α 1 , α 2 ) is the positive normal vector (directed along ζ axis) and z = 2ζ/h(α 1 , α 2 ) ∈ [−1, 1]. When laminated shell structures are considered, the total thickness is h = ∑ l k=1 h k , where l is the total number of plies and h k = ζ k − ζ k+1 is the thickness of the generic kth lamina. The present static shell theory is based on the following displacement field [2] 
] T is the τ th order generalized displacement component vector of the middle surface points (ζ = 0). F τ = F τ I 3 , where I 3 denotes the 3 × 3 identity matrix and F τ is the thickness function matrix. One of the key points of higher-order theories is that the three dimensional displacements U 1 , U 2 and U 3 are not linear through the shell thickness, according to the chosen displacement field (2) . However, the kinematic hypothesis (2) is limited to small shell deflections, such as u [3, 38] . Once the displacement field is defined, the generalized strain component vector of the τ th order ε (τ ) can be written as
where
] T and D Ω is the kinematic partial differential operator [2, 38] . Since the shell material is assumed linearly elastic, the constitutive equations in terms of stress resultants are defined lamina by lamina starting from the three dimensional stress components expressed as
In equation (4) 
] T is the stress component vector,C (k) is the constitutive matrix for the kth lamina [2, 38, 40] and
is the strain component vector. It should be noted that the components of the constitutive matrix are written with respect to the curvilinear orthogonal reference system O ′ α 1 α 2 ζ, after the application of the equations of transformation [2, 38] . The stress resultant vector can be evaluated integrating the stress components through the shell thickness
] T and the matrix of the stiffness constants A (τ s) has been fully defined in the papers [2, 5, 38] . As in the previous papers by the
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authors [2, 38] , the stiffness constants A
nm(pq) are evaluated numerically using the Generalized Integral Quadrature (GIQ) method, which is reported and introduced in the books [6, 40] . The static equilibrium equation can be deducted from the Hamilton's principle [40] as
where D
⋆ Ω is the equilibrium operator and q (τ ) is the static load vector of the forces applied upon the shell middle surface [2, 38] . This vector can be developed as
In equations (7) q
3a and q
3a are the forces applied at the bottom and top surfaces of the shell, respectively. In other words (−) means ζ = −h/2 and (+) stands for ζ = h/2. It is finally pointed out that
The three basic sets of equations, namely the kinematic (3), constitutive (5) and equilibrium (6) equations may be combined to give the governing system of equations, also known as the fundamental system of equations. This partial differential system of equations can be written as
D Ω is the fundamental operator. The explicit form of the fundamental operator components are reported in the paper [2, 38] . The total number of equilibrium equations depends on the expasion order τ . To solve the differential system (8) , the boundary conditions must be enforced. In the following three kinds of boundary conditions are used, that are the clamped edge boundary condition (C), the simply supported condition (S) and the free edge boundary condition (F). When a complete shell of revolution is considered, the kinematic and physical compatibility conditions are written at the common closing meridian for ϑ = α 2 ∈ [0, 2π]. All these conditions were written in detail in the previous work by the authors [2, 38] . For instance, F-C-F-C means that the edge with α 2 = α The following notation W-S-E-N has been considered in this paper.
GDQ implementation
Following the GDQ law [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] any derivative of the partial differential system of equations (8) can be discretized as a weighted sum of functional values at all the discrete points of the chosen GDQ grid. A brief review ofthe GDQ numerical discretization and its numerical applications can be found in the work [43] . In the following a Chebyshev-Gauss-Lobatto (C-G-L) grid is considered for the discretization of the curvilinear orthogonal shell coordinates α 1i , α 2j as
where I N , I M are the total number of sampling points used to discretize the domain along α 1 , α 2 , respectively. As it is well-known for the Lagrange interpolating polynomials, the C-G-L grid leads to a fast convergence and a good efficiency for the GDQ method [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] . The whole global algebraic system can be solved because GDQ method transforms a partial differential system of equations into an algebraic one. Moreover, in order to have a better computational efficiency, the static condensation of non-domain degrees of freedom is exploited as
In equation (10) 
Three dimensional shell elasticity
The following mathematical developments, presented in the work [5] , are solved by using the three dimensional equilibrium equations. However, the first paper which reported in detail for the first time the present approach was given by Tornabene et al. [46] . The GDQ method is applied by discretizing the shell along the thickness, where a C-G-L grid is assumed
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where I T is the number of grid points along the shell thickness. The solution gives displacements at all the points of the shell reference surface (i, j), that is u 1, 2, . . . , I N and j = 1, 2, . . . , I M . The kinematic strain definition (3) for the τ th order and the discretized strain definitions can be evaluated easily [5] . Moreover, the three dimensional constitutive relationships are valid for any linearly elastic solid [2, 38, 40] . The 3D stress equilibrium equations [47, 50] contain not only the stresses but also their derivatives, which can be approximated as in the work [5] . After the previous steps, the first two 3D equilibrium equations can be solved for the two unknown parameters τ 13 , τ 23 . The discretized forms of these equations and their boundary conditions are reported in the following
ϱ(ij) boundary condition at the bottom surface of the shell
However, the top boundary conditions are not satisfied from the given two (ϱ, ς = 1, 2) differential system (12) . In order to satisfy the boundary conditions τ 13(ijI T ) = q
2(ij) the corresponding profiles have to be corrected [4, 8, 47] as
Finally, the third equilibrium equation can be written in algebraic form as
boundary condition at the bottom surface of the shell
The normal stress is corrected, as in (13) 
Now, it is possible to use the generalized Hooke laws [51] to evaluate the deformation components γ 13 ,γ 23 ,ε 3γ
Since a good approximation of the normal strainε 3(ijm) is calculated, the in-plane stresses can be corrected using the following generalized Hooke expressions
In conclusion, it should be mentioned that the present approach has been also applied to a domain decomposition technique based on the present formulation, where the theoretical details are summarized in the work [14] . 
Numerical Results
Several through-the-thickness profiles of two structures have been compared to FEM. For the sake of conciseness any higher-order theory indicated by ED-[ 
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(Zirconia/Core/Zirconia) panel and very good agreement is observed for the stress profiles presented in Figure 2 .
